Path integral expressions for three canonical formalisms -Ostrogradski's one, constrained one and generalized one-of higher-derivative theories are given. For each formalism we consider both nonsingular and singular cases. It is shown that three formalisms share the same path integral expressions. In particular it is pointed out that the generalized canonical formalism is connected with the constrained one by a canonical transformation. § 1. Introduction
7 > Though being self-consistent, these formulations for nonsingular and singular cases look different from the conventional canonical formalism: highest derivatives are discriminated from lower ones, only the highest ones enjoying Legendre transformations. If we regard the original higher-derivative systems as equivalent first-derivative systems with constraints and apply Dirac's algolithm to the latter ones, we could give the foundation of the ordinary canonical formalism to Ostrogradski's canonical one. This program, constrained canonical formulation of higher-derivative theories, has been carried otit in Refs. 6) and 8) for both nonsingular and singular cases. A generalization of the constrained canonical formalism has been discussed in Refs. 9) and 10).
In all these approaches the sets of canonical equations provided by the respective formalisms have mainly been considered, and their equivalence to the set of EulerLagrange equations has been shown. To go to quantum theory, however, the equivalence of the sets of equations of motion is not enough. We have to confirm the equivalence of off-shell information. That is, comparing path integral expressions of the respective formalisms is essentially important. This is the subject of the present paper. We give path integral expressions for each formalism and show they are equivalent to one another. In particular it is pointed out that the generalized canonical formalism is connected with the constrained canonical one by a canonical transformation.
In § 2, path integral expressions of Ostrogradski's canonical formalism are given for both singular and nonsingular cases. In § 3, path integral expressions of the constrained canonical formalism are given and it is shown that the constrained one is equivalent to OstrogradskFs one. In § 4, path integral expressions of the generalized canonical formalism are given. A further generalization of the formalism described in Refs. 9) and 10) is developed. It is shown by doing a canonical transformation that the generalized one is equivalent to Ostrogradski's. Section 5 gives a summary and discussion. § 2. Ostrogradski's canonical formalism We consider a system described by a generic Lagrangian which contains up to
where
The canonical formalism of Ostrogradski regards Xa(sa> (sa=1, ···, na-1) as independent coordinates Qasa+I:
The momenta conjugate to Qana are defined as usual by
The Hessian matrix of Lq is defined by
We say that the system is nonsingular if detAab =I= 0, while singular if detAab = 0.
Nonsingular case (detAab=I=O)
In this case, relation (5) can be inverted to give Qana as functions of qr(r=1, ···, n) and pn:
The Hamiltonian is defined by (8) It is seen that this construction of the Hamiltonian has several peculiarities from the viewpoint of the ordinary Legendre transformation:
1. What appears in Eq. (8) It has been seen that Ostrogradski's formalism gives special treatment to the highest derivatives Qana. To treat all the derivatives equally, we introduce Lagrangian multipriers f.l.asa and start with the following Lagrangian:
The conjugate momenta
provide the following primary constraints:
The Poisson brackets between the primary constraints (24) and (25) are (32) otherwise=O.
Thus, these primary constraints are of the second class. 
This shows that the path integral Zv is the same as Zo given by Eq. (10).
Singular case (detAab=O, rankAab=N-p)
In this case, relation (23) provides p additional constraints besides (24) and (25) In this section '":'e consider a further generalization of the formalism described in Refs. 9) and 10).
We regard xa<sa> and xa<na> as independent coordinates Qa 8 "+I and Va respectively: 
We introduce Lagrange multipliers Mara and start from the following generalized Lagrangian:
Here it is interesting to consider a special case of the generalized Lagrangian. Choose Qr=qr, V=v. For the Lagrangian (60) the conjugate momenta 
Next, we consider the relations between the path integral expressions Zn (35) and ZG (81) (or Zns (46) and ZGs (94)). In fact, these are shown to be connected with each other through a canonical transformation.
Consider a canonical transformation (q, P)--"(Q, P). The generating function has the form (95) and gives 
Putting va= Qana in this equation shows that the path integral Z 9 is the same as Zo given by (10) (and also Zo in (35)). Next, by doing the canonical transformation generated by Fin (95), we show that the path integral ZQ is equivalent to ZG given by (81). Referring to Eqs. 
This shows that (120) We have found that the generalized canonical formalism is equivalent to Ostrogradski's one and these two formalisms are connected by a canonical transformation. 
Singular case
we obtain
This shows
Zgs=Zos=Zns=ZGs.
The path integrals Zgs and ZGs are connected with each other by the canonical transformation generated by F in (95). § 5.
Summary and discussion
In the present paper we have given path integral expressions for three canonical formalisms of higher-derivative theories. For each formalism we have considered both nonsingular and singular cases. It has been shown that three formalisms share the same path integral expressions. In particular it has been pointed out that the generalized canonical formalism is canonically transformed from the constrained canonical one.
Here we have to mention some crucial properties involved in higher-derivative theories. The Hamiltonian is unbounded from below in general; unitarity is violated; whether stable vacuum can be well defined is problematic. This means we should seriously consider how to define path integral. Leaving these problems to the future investigation, we have just assumed in this paper that stable lowest state can be defined, and the path integral can be written as usual by the use of a time development operator, the Hamiltonian.
